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A b s tr a c t . We investiga ted  hydrodynam ical post-N ew ton ian  m odels of selfgrav ita ting  
s ta tio n a ry  b lack-hole-d isk  system s. T h e  post-N ew ton ian  schem e p resen ted  here and  also in  
our recent p ap e r is a  co n tinua tion  of previous, pu rely  N ew tonian  stud ies of selfgrav ita ting  
hydrodynam ical disks ro ta tin g  according to  th e  K eplerian  ro ta tio n  law. T he  post-N ew ton ian  
re la tiv istic  corrections are significant even a t th e  1PN  level. T he  1PN  correction  to  th e  angu lar 
velocity can  be  o f th e  o rder of 10% of its  N ew tonian  value. I t  can  be expressed as a com bination  
of geom etric and  hydrodynam ical term s. M oreover, in  co n tras t to  th e  N ew tonian  Poincaróe- 
W avre theorem , it  depends b o th  on th e  d is tance  from  th e  ro ta tio n  axis and  th e  d is tance  from  
th e  equa to ria l plane.
In  th e  technical p a r t of th is  no te  we derive v iria l re la tions valid up  to  1PN  order. We show 
th a t  th ey  are indeed satisfied  by our num erical solutions.
1. In tro d u ctio n
In a recent paper [1] we investigated post-Newtonian models of selfgravitating gaseous disks th a t 
ro ta te  according to  the Keplerian ro tation law. The analysis presented there is a continuation 
of our previous studies, where such disk systems were investigated in Newtonian theory [2, 3].
In the Newtonian framework we posed the following problem: Suppose one observes a 
selfgravitating stationary  gaseous disk around a central object (modeled by a point-m ass) th a t 
ro tates according to  the Keplerian ro tation law, th a t is w ith the angular velocity =  w0/ r 3/2, 
where r  is the distance from the ro tation axis, and w0 is a constant. For the disk consisting of 
test particles we have w0 =  y/G M c, where M c is the mass of the central object, and G is the 
gravitational constant. W hat does the observed value of w0 correspond to  in the case where 
the mass of the disk is com parable w ith M c? Is it still the central mass M c, the sum of the 
two masses, or some nontrivial combination of them ? It tu rns out th a t the selfgravity speeds 
up the ro tation of the disk— it ro tates faster th an  this would follow from the Keplerian formula 
involving the central mass M c only. Moreover, the way in which w0 depends on the central 
mass and the mass of the disk is prescribed by the geometry of the disk. Thus, in principle, it 
is possible to  m easure the masses of Keplerian disks, whenever their geometry is known. This
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procedure was applied to  the accretion disk in the AGN of NGC 4258, where the Keplerian 
ro tation curve was m easured in the maser emission [3].
In [1] we extended the Newtonian analysis to  the first post-Newtonian approxim ation (1PN). 
Selfgravitating stationary  gaseous disks were investigated before in full relativity (cf. [4, 5]). We 
decided on the post-Newtonian scheme, because of its conceptual simplicity. In particular, the 
notion of the Keplerian ro tation has a clear meaning in the post-Newtonian scheme.
The main result obtained in the 1PN approxim ation is th a t the angular velocity profile is 
affected in two different ways— some parts of a disk can be speeded up and the others slowed 
down. Furtherm ore, the sum of the Newtonian and post-Newtonian components of the angular 
velocity is not anymore a function of the cylindrical radius only, but in general it depends on 
radial and vertical coordinates [1 ].
In this paper we sketch briefly the main equations th a t constitu te the 1PN model and then 
derive virial-type relation th a t can be used to  test the obtained numerical solutions. Suitable 
virial tests valid in the Newtonian case were presented in [6 ] and [2]. We discuss them  here for 
clarity. The post-Newtonian virial identities given here are new and have not been discussed 
in [1]. In the last section of this paper we also show th a t they are satisfied by our numerical 
models w ith the accuracy similar to  th a t of Newtonian solutions.
2. D e s c r ip t io n  o f  th e  m o d e l
Our 1PN black-hole-disk models are constructed assuming the m etric of the form
ds2 =  g,„  d X W -  =  ( - 1  -  2  U ( x f z) -  2 <U < W » ! 1  (dx« )2  -  2  4 4 w )
+  ^ 1  -  2 U ' ' O '  z ) ^ (dx2 +  dy2 +  d z2) , (1 )
where we use Cartesian coordinates x 0 =  ct, x 1 =  x , x 2 =  y , x 3 =  z, and c is the speed of light. 
We write the energy-mom entum  tensor as
T «y =  ^IhUbH £(x ) +  p(c2 +  h )uau? +  , (2 )
V9  u BH
where the first component describes the point particle (it is proportional to  the Dirac delta 
d istribution and models the central black hole) a t rest, located at the origin of the coordinate 
system; the second one is the energy-mom entum  tensor of the disk m atter. Here M c denotes the 
mass of the point particle; g is the determ inant of the m etric g =  -  det(gMV). The four-vectors 
uBH and ua denote the four-velocities of the central point-mass and the fluid, respectively. The 
symbol p denotes the baryonic rest-mass density, h is the specific enthalpy, and p is the pressure. 
In the following sections we will also work with the three-velocity, defined as v % =  cu%/u°, 
i =  1, 2, 3.
In the remaining part of the article we use standard  cylindrical coordinates (r, z, 0). We 
consider a stationary, selfgravitating, axially and equatorially symm etric polytropic disk, 
ro tating  around a central point mass M c according to  the Keplerian rotational law Vq =  w0 r -3 /2 . 
We assume th a t the disk is geometrically bounded by the inner and outer radius r-m and rout, 
respectively. We introduce the notation according to  which any quantity  £ (if it is necessary) 
is separated into its Newtonian £ 0 and post-Newtonian £ 1 part according to  the general pa tte rn  
£ =  £o +  £1/ c 2. Following [7] we derive basic equations which, separated into their Newtonian
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and post-Newtonian parts, read:
AUo =  4nG (po +  M CS ( x ) ) , (3)
h o  =  -U o +  ^  dr(v 0̂ )2 r +  Co, (4)
A —  =  2  — — 0  — 16nG r2p0v°, (5)
AUi =  4nG ^McUoD(0 )6 (x) +  pi +  2po +  po (ho — 2Uo +  2 r 2 (v°)2^  , (6 )
h i =  —Ui — v0—o +  2ho(v°)2r 2 — J  dr(v (̂ ) 4r ‘3 — 2 — 4hoUo — 2Uo2 — C i, (7)
where A  denotes the flat Laplacian with respect to  coordinates (x i ,x 2 ,x 3), Co and C i are 
integration constants, and UD is the gravitational potential due to  the disk only, i.e., Uo =  
—GM c/ |x | +  UD. They follow from the conservation law, V aT al3 =  0, the continuity equation 
V a (pua ) =  0, and Einstein equations
R  G
R^,v — — T^v , (8)
where RMV is the Ricci tensor and R denotes the Ricci scalar.
The above system of equations is closed by assuming an equation of state. Our numerical 
solutions are obtained for a polytropic equation of sta te  of the form p  =  K p Y, or equivalently 
ho =  K y /(y  — 1)p^- i  (for the 0th order solution) and h i =  ( 7  — 1)hop i /p o (for the 1PN part), 
where K  and 7  >  1 are constants.
Equations (3-7) should be solved w ith respect to  the Newtonian gravitational potential 
Uo(r, z), the post-New tonian gravitational potential Ui (r, z), the rotational potential A o(r ,z)  
and the Newtonian and post-Newtonian enthalpy ho(r, z) and h i (r, z). Any other quantity  (the 
density p(r, z), the pressure p(r, z), etc.) can be obtained from these five functions.
Numerical solutions are obtained as follows. We use the classic Self-Consistent Field (SCF) 
scheme (cf. [8 ]) to  solve the set of Eqs. (3) and Eq. (4). Given the Newtonian potential Yo and 
the enthalpy ho, we can solve Eq. (5) a t once. Finally, we use again the SCF scheme to  solve 
the set of Eqs. (6 ) and (7). For the Keplerian ro tation law the above m ethod converges for all 
values of the param eters th a t we have tested.
3. R e su lts
The main result of our post-Newtonian scheme is the correction to  the Newtonian angular 
velocity profile. The well-known theorem  by Poincare and W avre states th a t Newtonian 
stationary  barotropic disks (or stars) ro ta te  with the angular velocity th a t can depend on the 
distance r  from the ro tation axis only [9]. It tu rns out th a t already the 1PN correction can be 
significant and in general it depends also on z. It can be expressed as
v°(r, z) =  — —00 dr v° +  2rhodr v ° . (9)
2 rvo0
Note th a t the above formula involves both  geometric and hydrodynam ical factors.
Acceptable 1PN solutions should satisfy the following (quite stringent) conditions: i)
1 »  |Uo|/c 2 »  |Ui |/c 4, ii) 2GM c/c 2 ^  r;n, iii) c »  cs, where cs is a speed of sound. Sample 
numerical models th a t do satisfy the above conditions are presented in [1]. It tu rns out th a t the 
1PN correction to  the velocity can be of the order of 10% of the Newtonian value. The reader 
interested in the details of these model may consult [1]. In the rem ainder of this paper we focus 
on the construction of virial tests th a t can be applied to  our numerical scheme.
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4. V ir ia l  id e n t i t ie s
In this section we use Cartesian and cylindrical coordinates. It is implicitly assumed th a t Latin 
indices refer to  Cartesian coordinates.
T he virial identity th a t can be used to  test the Newtonian solution (including the central 
point-mass) was obtained in [6 ]. It reads
E pot +  2Ekin +  2Etherm =  0 , (1 0 )
where Epot =  \  f R3 d3 x  p(Uo  — GM c/ |x |)  is the to ta l potential energy, Ekin =  2 J r 3 d3 x  pvo ivO is 
the bulk kinetic energy and E therm =  |  J r 3 d3x p is the internal therm al energy. We assume, as 
a virial test param eter, the value
  E pot +  2Ekin +  2Etherm
E pot
In order to  obtain the post-Newtonian relations we rewrite Eqs. (5) and (6 ) in a slightly 
different form. Equation Eqs. (5) can be w ritten  in Cartesian coordinates as
A A % =  —16nGpov0.
Equation (6 ) is split in two parts:
A U 1 =  ^pi +  2po +  po (ho — 2Uo +  2 r 2 ( v 0>)̂ )  , (11)
A U f =  4nGMcUoD(0)^(x), (12)
where Ui =  U[ +  U f. The solution for U f is
TT„ =  GMcUoD( 0 )
Ul =  i x ^ .
Consider a vector
d  =  ( x i dt Ak  +  2  A ^ j  d iA k — 2 x idiAkd lA k .
Its divergence reads
did1 =  ( x l0iAk +  2 Ak^ A A k =  — 16nG ^ x idA k  +  2 A ^  povk. (13)
For a finite disk (po of compact support), Ak tends to  zero sufficiently fast, and
4
|x |2ai ^  0 , as |x| =  \ / x 2 +  y 2  +  z 2  ^  <x>.
Thus, by integrating Eq. (13) over R 3 , and m aking use of the Gauss theorem, we see th a t
0  =  /  ̂  d3x ^ x idiAk +  2 A ^ j  povk.
Integrating by parts, one can get rid of the term  with dtA k . This yields
0  =  ^  3 d3^ —5 poAkvk — x ldi [povo j  A ^ j  ,
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di bi  =  ( x ldi U( +  2 U?j A U [ , 
and analogously
0 = j 3 d3x ( ^ x l d i U[ +  2 U ^  (p 1 +  2po +  po {ho -  2Uo +  2 r2(vQ)2) )  .
M any different forms of the above relation can be obtained by ‘playing’ with Eq. (7). A 
helpful relation th a t can be used here is
- x l d l U i =  Uf.
In the analogy to  the Newtonian case we choose as virial test param eters d  =  |(e^ +  eb) / eal 
and d' =  |(e^ +  d O/ d i l, where
e'a  =  f  d3x 7 poA0v0 , (14)
J R 3 2
eb =  -  /  d3x x ldi fpov0)  Aq , (15)
7r 3 v '
e'a  =  - J  ̂d3x 2 U  (pi +  2po +  po (ho -  2Uo +  2 r2(v0)2)) , (16)
eb =  Jg d3x x ldi U( (p i + 2po +  Po (ho -  2Uo +  2 r2(v0)2)) . (17)
In Table 1 we report results of the convergence tests for a sample system. In our 
im plem entation, numerical precision is controlled by the resolution of the grid, the maximum 
num ber L of Legendre polynomials used in the angular expansion of the solutions of the scalar 
and vector Poisson equations, and a value of the maximal difference between density distributions 
obtained in the last two consecutive iterations ptoi. (In each iteration we com pute the quantity  
perr =  max i ,j |p(k+ 1 ̂ -  P(k) |. Here index k numbers subsequent iterations; indices i and j  refer 
to  different grid nodes. The iteration procedure is stopped, when perr < ptol.)
The results of the virial test do depend on the grid resolution and almost do not depend on 
the numbers of Legendre polynomials and the precision in convergence procedure.
5
where only 0th order term s are differentiated.
The above relation can be also w ritten in term s of the vector components in cylindrical 
coordinates. Because of sym m etry assum ptions, we have Akv k =  Aqvq , and
x ldi (pov0^) A k =  x lV i  (poVl) A k =  poA^v0  +  x ldi [povQ) A q.
This yields
0  =  y  g d3x ^ - 2 PoAqv0  -  x ldi (pov0 ) A ^ j  .
The virial relation following from Eq. (11) can be obtained in a similar way. It is enough to 
consider the divergence of the vector
bi =  ( x ld iU  +  1  U ^j d iU[ -  2 x idiU[d lU .
It yields
^
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T a b le  1. Typical dependence of the results on the resolution of the numerical grid, the maximum 
num ber of the Legendre polynomials L, and the tolerance coefficient ptoi. These results are 
obtained for a polytropic fluid with polytropic index y =  5/3 and the Keplerian ro tation law 
v° =  wo/ r 3/2. The mass of the disk is M d =  0.327Mc, the inner and outer radii are r;n =  50RS 
and rout =  500RS respectively.
Resolution L ptol e e' e"
1 0 0  x 1 0 0 1 0 0 1 0 - 6 2.53 x 10- 5 2.29 x 10- 4 3.51 x 10- 4
2 0 0  x 2 0 0 1 0 0 1 0 - 6 6.36 x 10- 6 5.87 x 10- 5 8.87 x 10- 5
400 x 400 1 0 0 1 0 - 6 1.56 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
800 x 800 1 0 0 1 0 - 6 3.66 x 10- 7 3.65 x 10- 6 4.62 x 10- 6
1 2 0 0  x 1 2 0 0 1 0 0 1 0 - 6 1.44 x 10- 7 1.56 x 10- 6 2.49 x 10- 6
1600 x 1600 1 0 0 1 0 - 6 6 .6 6  x 1 0 - 8 5.43 x 10- 7 1.39 x 10- 6
400 x 400 50 1 0 - 6 1.56 x 10- 6 1.93 x 10- 5 2.27 x 10- 5
400 x 400 75 1 0 - 6 1.56 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
400 x 400 1 0 0 1 0 - 6 1.56 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
400 x 400 125 10- 6 1.56 x 10- 6 1.93 x 10- 5 2.30 x 10- 5
400 x 400 150 10- 6 1.56 x 10- 6 1.93 x 10- 5 2.30 x 10- 5
400 x 400 1 0 0 1 0 - 5 1.52 x 10- 6 1.94 x 10- 5 2.29 x 10- 5
400 x 400 1 0 0 10- 6 1.56 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
400 x 400 1 0 0 1 0 - 7 1.59 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
400 x 400 1 0 0 1 0 - 8 1.59 x 10- 6 1.93 x 10- 5 2.29 x 10- 5
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